Abstract. Suppose M is a noncompact connected PL 2-manifold. In this paper we study the topological property of the triple (H(M )0,
Introduction
This article is a continuation of study of homeomorphism groups of 2-manifolds and related topics [14, 15, 16, 17, 18] . The purpose of this paper is to study topological properties of the subgroups of PL and Lipschitz homeomorphisms of 2-manifolds with the compact-open topology [15] . The property of groups of quasiconformal homeomorphisms on Riemann surfaces are studied in [18] .
For a manifold M and a subset X of M , let H X (M ) denote the group of homeomorphisms h of M onto itself with h| X = id, equipped with the compact-open topology. When M is a PL-manifold, H PL X (M ) denotes the subgroup of H X (M ) consisting of PL-homeomorphisms, and when M has a fixed metric, H
Basic facts on infinite-dimensional manifolds.
In this subsection we collect basic facts on infinite-dimensional manifolds. As for the model spaces of infinite-dimensional manifolds we follow the standard convension: s = R ∞ ( ∼ = ℓ 2 ), σ = {(x n ) ∈ s :
x n = 0 (almost all n)}, Σ = {(x n ) ∈ s : sup n |x n | < ∞}, σ ∞ f = {(x n ) ∈ σ ∞ : x n = 0 (almost all n)}, Σ ∞ f = {(x n ) ∈ Σ ∞ : x n = 0 (almost all n)} and s ∞ b = {(x n ) ∈ s ∞ : sup n,i |(x n ) i | < ∞}. We note that (a) (s ∞ 2). We say that a subset Y has the homotopy negligible (h.n.) complement in X if there exists a homotopy ϕ t : X → X (0 ≤ t ≤ 1) such that ϕ 0 = id X and ϕ t (X) ⊂ Y (0 < t ≤ 1). The homotopy ϕ t is called an absorbing homotopy of X into Y . A space is σ-(fd-) compact if it is a countable union of (finite dimensional) compact subsets. A tuple (X, X 1 , · · · , X n ) means a tuple of a space X and its subspaces X 1 ⊃ · · · ⊃ X n . Suppose (E, E 1 , · · · , E n ) is a model tuple. A tuple (X, X 1 , · · · , X n ) is said to be (E, E 1 , · · · , E n )-stable if (X × E, X 1 × E 1 , · · · , X n × E n ) ∼ = (X, X 1 , · · · , X n ) (a homeomorphism of tuples). We say that a tuple (X, X 1 , · · · , X n ) is a (E, E 1 , · · · , E n )-manifold if each point x in X has a neighborhood U such that (U, U ∩ X 1 , · · · , U ∩ X n ) ∼ = (E, E 1 , · · · , E n ). In this article we apply the following characterization of (s ∞ , Σ ∞ , Σ ∞ f , σ ∞ f )-manifolds:
X is a separable completely metrizable ANR, (ii) (Homotopy absorption property) X 3 has the h.n. complement in X, (iii) (Class condition) X 1 is F σδ in X, X 2 is σ-compact and X 3 is σ-fd-compact, (iv) (Stability) (X, X 1 , X 2 , X 3 ) is (s ∞ , Σ ∞ , Σ ∞ f , σ ∞ f )-stable.
The topological types of these manifolds are detected by their homotopy types.
Proposition 2.1. (Homotopy invariance)
In particular, if X has a homotopy type of a compact polyhedron P , then (X,
In the above assertions, if we omit the conditions related to Σ ∞ (respectively Σ ∞ f or σ ∞ f ) then we obtain the characterization and homotopy invariance of manifolds modeled on (s, Σ, To prove Theorems 1.1 -1.3 we have to check the conditions (i) -(iv) in Theorem 2.1. As for the condition (i), if X is a locally compact, locally connected, separable metrizable space and A is a closed subset of X, then H A (X) is a separable completely metrizable topological group. The ANR property follows from [9] , [17 Proposition 2.3. Suppose M is a noncompact connected PL 2-manifold and X is a compact subpolyhedron of M .
The assertions on topological type in Theorems 1.1 and 1.2 follow from Propositions 2.1 and 2.3.
In Section 3 we use the fact that the restriction map from a homeomoprhism group to an embeddding space is a principal bundle. We conclude this section with a statement on this fact [16, Corollary 1.1]: Suppose M is a PL 2-manifold and K ⊂ X are compact subpolyhedra of M . Let E K (X, M ) denote the space of embeddings f : X ֒→ M with f | K = id, equipped with the compact-open topology.
We consider the subspace
, where the group G acts on H K∪(M \U ) (M ) 0 by right composition.
Homotopy absorption property of H
The purpose of this section is to prove the next assertion:
We proceed to the verification of Proposition 3.1. The compact case is already known [6] ,cf. [16, Fact 4.3] . Hence below we assume that M is noncompact and connected. We use the same notations as in [16, Section 4] : We set M 0 = X and write as M = ∪ ∞ i=0 M i , where for each i ≥ 1 (a) M i is a nonempty compact connected PL 2-submanifold of M and
Taking a subsequence, we have the following cases: 
We also use the following notations:
. By Proposition 2.4 the maps π i j and π i are principal bundles. Our stratigy is to use these bundles in order to reduce the noncompact case to the compact case. In [16] we have shown
Proof of Proposition 3.1. Case (II): The assertion will be verified in the next four steps:
Proof. (1) Since the restriction map π i j : H j → U i j is a trivial bundle with an AR fiber and H j ⊂ H j+1 , inductively we can construct a section s i j :
j is a trivial bundle with an AR fiber, using the "fiber preserving" absolute extension property, we can inductively construct a sequence of homotopies
, the homotopy satisfies the required conditions.
, from Proposition 2.2 and Proposition 3.1 (Compact case) it follows that X i is an ANR and Y i has the h.n. complement in X i . Inductively we can construct a sequence of homotopies ϕ i :
we have a homotpy ψ t :
The desired homotopy ϕ i+1 is defined by (2) and (3) it follows that H is continuous and H(h, t, 0) = G(h, t). Choose a small map α :
Then F is continuous and it follows that Im F ⊂ H X (M ) 0 and F (H PL,c
This completes the proof.
Case (I):
In this case H X (M ) is an ANR, and the conclusion follows from the next lemma.
Proof. We verify the following assertion: 
also has the h.n. complement in H j . Let ψ t and χ t are the corresponding absorbing homotopies. Then the required absorbing homotopy ϕ t is defined
However one can easily see that h t ∈ ∪ i≥1 H i for any 1 ≤ t < ∞.
(2) We will identify R 2 with C. The rotation map f :
is a homotopy equivalence (cf [7] ). By Proposition 3.1 we can absorb f into H c (R 2 ) 0 (= H c (R 2 )). In fact, we can explicitly define an absorbing homotopy F :
4. Stability and class property of homeomorphism groups 4.1. Class property of homeomorphism groups. (ii) If X is a proper metric space, then H LIP A (X) is also σ-compact.
Proof. (2)(ii) Choose a point x 0 ∈ X and let B r = {x ∈ X | d(x, x 0 ) ≤ r} (r ≥ 0). Since X is proper, B r is compact. For K ≥ 1 and r ≥ 0 consider the subspace
where r k = r + Kk. By the Ascoli-Arzelà theorem, the space of K-Lipschitz
, is compact, and the map
is a closed embedding. Thus H K r is compact as required.
Suppose M is a connected Riemannian n-manifold. We always assume that M is equipped with 
It remains to show that
is a locally Lipschitz homeomorphism. Let T denote the C 1 -triangulation of M . Subdividing T if necessary, we may assume that h is simplicial on each simplex of T . Since T is a C 1 -triangulation, for each n-simplex σ ∈ T the restriction h : σ → h(σ) is C 1 -diffeomorphism and there is a constant K σ ≥ 1 such that for each piecewise
We show that h is locally Lipschitz. A similar argument shows that h −1 is also locally Lipschitz.
Let x be any point of M and U be a strongly convex open neighborhood of x in M (cf. [12, Ch.
IV, §5]) containd in a compact subcomplex S of T . Let K = max{K σ | σ n ∈ S}. Any points y and z in U can be joined by a unique shortest geodesic α of M contained in U . For any ε > 0 we can find a piecewise C 1 -curve β in U joining y and z such that L M (β) < L M (α) + ε and β decomposes into subcurves β i so that each β i is contained in an n-simplex
Suppose X is a compact subpolyhedron of M and let A = h(X). By Lemma 4.2 the homeomorphism h induces a homeomorphism of tuples
If h is a Lipschitz homeomorphism, then we can include H LIP X (M ) in the above tuple. However, the author does not know whether every complete Riemannian manifold with a C 1 -triangulation admits a Lipschitz PL-embedding into a Euclidean space (or a Hilbert space).
Stability property of homeomorphism groups.

K. Sakai and R.Y. Wong showed that the triple (H(X), H LIP (X)H PL (X)) is (s, Σ, σ)-stable for
every Euclidean polyhedron X, by using the Morse's µ-length of arcs [11] . In the case where Y is noncompact we can verify a more precise statement. In this subsection we do not assume that a tuple (X, X 1 , · · · , X ℓ ) satisfies the inclusion relation: X i ⊃ X j (1 ≤ i < j ≤ ℓ) Proposition 4.1. Suppose X is a Euclidean polyhedron and A is a compact subpolyhedron of X such that dim (X \ A) ≥ 1.
(ii) If X is noncompact and dim (X \ K) ≥ 1 for any compact subset K of X (or equivalently, any triangulation of X contains infinitely many 1-simplices), then this tuple is
For Riemannian manifolds with C 1 -triangulations we have the following version: Proposition 4.2. Suppose M is a connected Riemannian n-manifold with a C 1 -triangulation and X is a compact subpolyhedron of M with X = M .
In (ii) The functions
Proof. (v) The value t = t gf satisfies the following equations: 
(ii) If M is a connected Riemannian manifold and f ∈ E([a, b], M ) is a shortest geodesic of constant velocity c > 0, then f is a c-similar embedding.
Next we recall the construction of the stability homeomorphism in [11] . Below we regard as
In R n we use the norm defined by
We identify the interval [−1, 1] with the segment in B n connecting the two vertices (±1, 0, · · · , 0).
The function λ : 
(I) Suppose X is a space, Y is a metric space, ϕ : B n → X is an embedding such that ϕ(Int B n ) is open in X, and χ :
embedding}. For these data, the stability homeomorphism Φ : F × s → F is defined as follows:
(1) (a) For each f ∈ F and i ≥ 1 there exists a unique t = t i (f ) ∈ (−1, 1) such that µ(f (ϕ(α i ([−1, t] (α i ([t, 1]) ))). Define a map F :
(2) We have reciplocal homeomorphisms
The stability homeomorphism Φ : F × s → F is defined as the composition
To show the stability property in the noncompact case we use a sequence of embeddings of B n into X.
(II) Suppose X is a noncompact space, Y is a metric space, 
(1) We define two maps F : F → s ∞ and G : 
(b) If X is a polyhedron, ϕ ℓ is a PL-embedding and t ℓ ∈ σ, then G(t) : follows from the next facts:
If we replace s ∞ by s and omit the indices k and ℓ in Lemmas 4.4 and 4.5, then we obtain the corresponding statements for the case (I).
In the proofs of Propositions 4.1 (i) and 4.2 (i) we apply the construction (I).
Proof of Proposition 4.1 (i). We choose any homeomorphism χ : (s 2 , Σ 2 , σ 2 ) ∼ = (s, Σ, σ) with χ(0, 0) = 0 and a similar affine embedding ϕ : B n → Int C, where C is a principal simplex of in X \ A of n ≡ dim C ≥ 1. For Y = X, ϕ and χ we obtain the stability homeomorphism Φ : F × s → F.
The following pairs (F 1 , S 1 ) (G 1 = F 1 ) satisfy the conditions (a) -(d) in Lemma 4.4:
In fact, the conditions (a) and (b) follow from Lemma 4.5 (i) and (ii) respectively and (c) is obvious.
Thus Φ induces the required stability homeomorphism of tuples. Since Φ(id X , 0) = id X , it follows
Proof of Proposition 4.2 (i).
Choose a PL-homeomorphism h : M → Y onto a Euclidean polyhedron and let A = h(X). By Lemma 4.2 h induces a homeomorphism of tuples, defined by h # (f ) = hf h −1 :
where
. It suffices to show that the latter tuple is (s, Σ, Σ, Σ, σ, σ)-stable. Let F , G and Φ be the maps given in the proof of In the proofs of Propositions 4.1 (ii) and 4.2 (iii) we apply the construction (II) using the homeo-
Proof of Proposition 4.1 (ii). We choose (a) a triangulation T of X with diam C ≤ 1 for each simplex C of T , (b) a sequence of principal simplices {C k } ∞ k=1 of T such that n k ≡ dim C k ≥ 1, C k ⊂ X \A and d(C k , C ℓ ) ≥ 1 (k = ℓ), and (c) similar affine embeddings ϕ k : B n k → Int C k such that diam ϕ k (B n k ) < ε k and N X (ϕ k (B n k ), ε k ) ⊂ Int C k for some ε k ∈ (0, 1).
For Y = X, ϕ k and χ we obtain the stability homeomorphism Φ : F × s ∞ → F. Thus Φ induces the required stability homeomorphism of tuples. Since Φ(id X , 0) = id X , the homeomorphism Φ preserves the identity components of the homeomorphism groups. ℓ (U ℓ ) → U ℓ is c ℓ -similar, and λ ℓ (t ℓ ) : W ℓ → W ℓ is the extension of λ ℓ (t ℓ ) : B n → B n by the identity,
